The ability to coherently control mechanical systems with optical fields has made great strides over the past decade, and now includes the use of photon counting techniques to detect the non-classical nature of mechanical states. These techniques may soon be used to perform an opto-mechanical Bell test, hence highlighting the potential of cavity opto-mechanics for device-independent quantum information processing. Here, we propose a witness which reveals opto-mechanical entanglement without any constraint on the global detection efficiencies in a setup allowing one to test a Bell inequality. While our witness relies on a well-defined description and correct experimental calibration of the measurements, it does not need a detailed knowledge of the functioning of the opto-mechanical system. A feasibility study including dominant sources of noise and loss shows that it can readily be used to reveal opto-mechanical entanglement in present-day experiments with photonic crystal nanobeam resonators.
The ability to coherently control mechanical systems with optical fields has made great strides over the past decade, and now includes the use of photon counting techniques to detect the non-classical nature of mechanical states. These techniques may soon be used to perform an opto-mechanical Bell test, hence highlighting the potential of cavity opto-mechanics for device-independent quantum information processing. Here, we propose a witness which reveals opto-mechanical entanglement without any constraint on the global detection efficiencies in a setup allowing one to test a Bell inequality. While our witness relies on a well-defined description and correct experimental calibration of the measurements, it does not need a detailed knowledge of the functioning of the opto-mechanical system. A feasibility study including dominant sources of noise and loss shows that it can readily be used to reveal opto-mechanical entanglement in present-day experiments with photonic crystal nanobeam resonators.
Introduction.-Bell tests have initially been proposed to show that correlations between the results of measurements performed on two separated systems cannot be reproduced by classical strategies [1] . They have been used to show the limit of classical physics as a complete description of small systems involving two atoms [2, 3] or two photons [4, 5] . This naturally raises the question of a Bell inequality violation with larger systems. Concrete proposals have been made recently along this line to realise Bell tests with cavity opto-and electro-mechanical systems [6] [7] [8] .
Cavity opto-mechanics is at the core of intense research where the cavity field is used to control the motion of a mechanical system via radiation pressure. While initial efforts have focused on the cooling of mechanical oscillators down to the ground state [9] [10] [11] , impressive results including the detection of electro- [12] and opto-mechanical [13, 14] non-classical correlations and entanglement between two remote mechanical systems [15] are now suggesting that cavity opto-mechanics could serve as a building block of future quantum networks [16] for the creation and storage of quantum information [17, 18] . If one is to show that cavity optomechanics can form the cornerstone of future quantum networks, it is crucial to prove that it is qualified for all possible uses of such networks. This means that the qualification must be device-independent [19] , that is, it cannot rely on a physical description of the actual implementation. A particular model using seemingly harmless assumptions, on the underlying Hilbert space dimension for instance, can completely corrupt the security guarantees that are offered by quantum networks for secure communications over long distances [20, 21] . Device-independent schemes have been derived to certify all the building blocks of quantum networks that can be used to create, store or process quantum information [22] . They could be directly implemented from the Bell tests proposed in Refs. [6, 7] . Opto-mechanical Bell into phonon -photon pairs, the photon being resonant with the cavity frequency and the phonon corresponding to a single excitation of the vibrational mode of the mechanical system. Energy conservation ensures that for each phononic excitation of the mechanical state, the cavity mode gets populated with a photonic excitation. These quantum correlations between phonon and photon numbers are strong enough to violate a Bell inequality [6, 7] . The way to show this consists first in mapping the phononic excitations to cavity photons using laser light driving the red opto-mechanical sideband. This leads to a two-mode photonic state, where each mode can subsequently be detected with photon counting techniques preceded by displacement operations in phase space. By changing the amplitude and phase of the local displacements, the Bell-Clauser-Horne-Shimony-Holt (Bell-CHSH) [23] inequality can be violated as long as the global detection efficiency is higher than 67%. While several experiments have been realized combining cavity opto-mechanics in the revolved-sideband regime and photon counting [13] [14] [15] 24] , the requirement on the efficiency remains very challenging to meet.
Here we propose the first step of an entire research program aiming to violate a Bell inequality with optomechanical systems, that is, we propose a witness for revealing opto-mechanical entanglement in the same scenario.
In opposition to Bell tests, our witness assumes a detailed description and correct experimental calibration of measurements. This allows us to get rid of the requirement on the detection efficiency, even without any assumptions about the measured state. A feasibility study shows that our witness can readily be used to reveal opto-mechanical entanglement in present-day experiments with photonic crystal nanobeam resonators.
Temporal evolution of the cavity field and mechanical system-Let us recall the physics of optomechanical systems in the resolved sideband and weak coupling regime, which has been presented, at least partially, in various references [6, 18, [25] [26] [27] . We consider the optical and mechanical modes of an opto-mechanical cavity with frequencies ω c and Ω m respectively. The bosonic operators associated to optical mode are called a and a † while we use b and b † for the mechanical mode. g 0 denotes the bare opto-mechanical coupling rate, κ and γ the cavity and mechanical decay rates. The cavity optomechanical system is laser driven on the lower or upper mechanical sideband with corresponding frequencies ω ± = ω c ± Ω m . The laser powers are labelled P ± respectively. The full Hamiltonian includes the uncoupled cavity and mechanical H 0 = ω c a † a + Ω m b † b systems, the opto-mechanical coupling − g 0 a † a(b † + b) and the coupling between the cavity mode and the driving laser s * ± e iω±t a + s ± e −iω±t a † with |s ± | = κP ± / ω ± . In the interaction picture with respect to H 0 and focusing in the weak coupling g 0 κ and resolved-sideband κ Ω m regimes, the temporal evolution is given by a set of effective Langevin equations [18] 
with
. for a blue and red detuned driving laser respectively.
m +κ 2 /4 is the intra-cavity photon number. a in is the noise entering the cavity. The mechanical decay and corresponding thermal noise are neglected, that is, we focus on timescales smaller than the thermal decoherence time of the mechanical system ωm k B T bath γ where k B T bath is the Boltzmann energy.
Phonon-Photon correlations in the resolved sideband regime-Let us first focus on the initial step where a laser drives the upper sideband. We use the subscript 1 for the cavity field operators corresponding to this initial step. We proceed with an adiabatic elimination of the cavity mode da1 dt = 0 that is, we consider a temporal evolution which is long compared to κ −1 . Together with the input/ouput relation, that is,
we get
Integrating the previous equations and introducing the temporal modes A 1,in/out (t) = 2g+ ±1∓e ∓2g + t t 0 dt e ∓g+t a 1,in/out (t ) [25] leads to A 1,out (t) = eg
. These two solutions can be written as
When U 1 (t) is applied on the vacuum, phonon-photon pairs are created where the phonon number equals the photon number, each of them following a thermal distribution with mean excitation number e 2g+t − 1. These correlations between the phonon and photon numbers are strong enough to violate a Bell inequality, c.f. below.
Phonon-Photon correlations as the basis for a Bell inequality violation-Consider the case where a laser drives the lower sideband. We use the subscript 2 for the cavity field operators corresponding to this second step. Following the line of thought developed in the previous paragraph while introducingg − = 2g 2 0 n− κ , we can show that the cavity field and photon operators evolve according to the propagator [6, 18] 
This corresponds to a beamsplitter-type evolution, performing a conversion between the phononic and photonic modes with probability 1 − e −2g−t . In the limitg − t → ∞, the phononic mode is perfectly mapped to the photonic mode A 2,out and the phonon-photon correlations created in the first step are mapped to two temporal photonic modes A 1,out and A 2,out . If both the cavity and mechanical system are in the vacuum, these two photonic temporal modes are described by a vacuum squeezed state
Refs. [28] [29] [30] have shown that such a state violates the Bell-CHSH inequality when it is measured with photon detection preceded by a displacement operation in phase space, the phase and amplitude being used to change the measurement setting. Ref. [6] showed that a minimum detection efficiency of ∼67% is necessary to observe a violation of the Bell-CHSH inequality. This minimum detection efficiency even increases if the mechanical system is not in its ground state initially [6] . These efficiencies include all the loss from the cavity to the detector and are thus challenging to obtain in practice. We show in the following sections a way around this requirement which consists in replacing the Bell-CHSH inequality by a witness inequality, which assumes a physical description and correct experimental calibration of the measurement devices.
Photon counting preceded by a displacement operation-We focus on the setup described before, with which a Bell inequality is tested using photon detections preceded by a displacement operation D(α). Before presenting our entanglement witness, we first comment on such a measurement. We consider the realistic case where the photon detector does not resolve the photon number, that is, only two measurement results can be produced at each run. The first result corresponds to "no-detection"and is modelled by a projection on the vacuum |0 0|. The second possible result is a conclusive detection corresponding to the projection into the orthogonal subspace, that is, 1 − |0 0|. If we attribute the outcome +1 to a no-detection and −1 to a conclusive detection, the observable including the displacement operation is given by σ α = D(α) † (2|0 0| − 1) D(α). In the qubit subspace {|0 , |1 }, σ 0 corresponds exactly to the Pauli matrice σ z , that is, the outcome +1 (−1) is associated to a projection into the state |0 (|1 ). When α increases, the positive-operator valued measure (POVM) elements associated to outcomes ±1 get closer to projections in the x − y plane of the Bloch sphere having |0 and |1 as north and south poles respectively [31] . For α = 1, these POVM elements are projections along non-unit vectors pointing in the x direction, while for α = i, they are noisy projections along the y direction. This means that photon detection supplemented by a displacement operation performs noisy measurements in the qubit space {|0 , |1 } whose direction in the Bloch sphere can be chosen by controlling the amplitude and phase of the displacement.
Witnessing phonon-photon correlations in a qubit subspace-In order to clarify on how to witness entanglement in two-mode squeezed vacuum using local observables σ α , we consider the state projection in the qubit subspace 1/ 1 + | | 2 (|00 + |11 ). The sum of relevant coherence terms |00 11|+|11 00| can be measured using the ideal observable M ideal = 1 2π (cos ϕσ x + sin ϕσ y ) ⊗ (cos ϕσ x − sin ϕσ y )dϕ. Since separable states are i) nonnegative states and ii) they stay non-negative under partial transposition [32, 33] , these coherence terms are bounded by 2 min{ p(0, 0)p(1, 1), p(0, 1)p(1, 0)} for two-qubit separable states. p(i, j) is the probability for having i photons in mode A 1 and j pho-
2 ) for a state of the form 1/ 1 + | | 2 (|00 + |11 ), the witness observable M ideal has the potential to detect entanglement in two-mode squeezed vacuum, in the experimentally relevant regime where the squeezing is small 2g + T 1 1, that is, when the two-mode squeezed vacuum is well approximated by its projection in the qubit subspace. This suggests that a relevant witness observable for our purpose is
where the unitary
2 A2 is used to randomize the phase of displacements through the averaging over φ. Note that in Eq. (5), the amplitude of displacements is a free parameter. Further note that we are interested in revealing entanglement at the level of the detection. The non-unit efficiency of the detector can be seen as a loss operating on the state, i.e. the beamsplitter modelling the detector inefficiency acts before the displacement operation whose amplitude is changed accordingly, see Appendix A. This allows us to derive a witness observable with unit efficiency detection and to include the detector efficiency at the end, see Appendix B.
Witnessing phonon-photon correlations without dimensionality restriction-Using the property of separable states which stay positive under partial transposition, we show in Appendix B that the maximum mean value M (α, β) can take if the measured state is separable is such that
where S (α, β) depends on some joint probabilities p(i, j) for having i photons in mode A 1 and j photons in A 2 and the marginal probabilities p(n A1 ≥ 2) and p(n A2 ≥ 2) to have strictly more than one photon in mode A 1 and A 2 respectively. These probabilities are bounded in two steps in practice. In the first step, the probability P (±1 ± 1|00) and P (∓1 ∓ 1|00) of having ±1 for the outcomes of the detection of mode A 1 and A 2 without displacement (α = β = 0) are measured. They provide the following upper bounds p(0, 0) ≤ P (+1 + 1|0, 0),
. Second, two detectors after a 50/50 beamsplitter are used to measure the probability to get a twofold coincidence P c (A 1/2 ) after the beamsplitter for both mode A 1 and A 2 . These coincidence probabilities provide the upper bounds on the missing elements, that is,
. This results in a bound S (α, β) whose value depends on the local displacement amplitudes α and β. Finally, the mean value Q(α, β) of M (α, β) is measured by evaluating P (+1 + 1|α, β), P (+1|α) and P (+1|β), that is
If there is a value for the couple α, β such that Q(α, β) − S (α, β) > 0, we deduce that the photonic modes A 1 and A 2 are entangled. Since the state describing A 2 is obtained from a local operation on the phononic state, Q(α, β) − S (α, β) > 0 also certifies photon-phonon entanglement.
Results-We focus on the statistics that would be collected in modes A 1 and A 2 if the upper sideband is laser driven during the time interval T 1 and the lower sideband is subsequently driven for a duration T 2 . The value Q − S that would be obtained in this case when optimizing the arguments of local displacements α, β and the amount of initial squeezingḡ + T 1 is shown in Fig. (2) as a function of the phonon-photon conversion efficiency T = 1 − e −2ḡ−T2 for various overall detection efficiency η, see Appendix C for more details. Fig. (2) shows a very favorable robustness of our witness to inefficiencies. We stress that the efficiency η represents the global detection efficiency, including all the loss from the cavity optomechanical system to the detector. We here assumed that the mechanical system is prepared in its ground state. In the more realistic case where the initial mechanical cooling leads to a mechanical thermal state with non-zero mean occupation number n 0 , the results presented in Fig. (2) for η = 0.3 for
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
Difference Q − S between the mean value of our witness observable M (α, β) that would be observed between the optical modes A1 and A2 and the maximum value that would be obtained with a separable state as a function of the phonon-photon conversion efficiency T = 1 − e −2ḡ − T 2 for various overall detection efficiencies η, optimised over displacement choices α, β and the amount of initial squeezingḡ+T1 which is kept small. Q − S > 0 witnesses entanglement.
example are essentially unchanged as long as n 0 ≤ 0.1 and substantial differences between Q and S can still be observed for n 0 ∼ 1, see Appendix C.
Feasibility Study-To illustrate the feasibility, we focus on a photonic crystal nanobeam resonator [11, 34, 35] which distinguishes itself by a high mechanical frequency Ω m /2π = 5.25 GHz [14] . Together with the cavity decay rate κ/2π = 846 MHz [14] and the optomechanical coupling rate g 0 /2π = 869 kHz [14] , this resonator is placed in the deep resolved sideband and weak coupling regimes. To control the initial number of excitations, we consider the use of a dilution refrigerator, which can bring the mean phonon number n 0 ∼ 0.2. Furthermore, to prevent decoherence of the phonon state we also consider pulse durations much smaller than the typical decoherence time of the oscillator, which is of the order of 10µs [34, 36] . Considering a global detection efficiency η = 10%, an initial mean phonon number of n 0 = 0.2 and state-swap efficiency of T = 30% which can be realised using a pulse laser resonant with the red sideband with a duration of T 2 = 50ns and intra-cavity photon number n − ≈ 318, we expect to conclude about the presence of entanglement (violation of the inequality Q − S < 0 by 3 standard deviations) within 750000 experimental runs, see Appendix D. This involves the creation of a phonon-photon state using a blue-detuned pulse of duration T 1 = 50ns and n + ≈ 298, and the choice of displacement amplitudes α = −β = 2.63. Given the experiments reported in Refs. [14, 15] , we conclude that our scheme appears feasible with currently available technologies.
Conclusion-We have presented a witness tailored for the detection of opto-mechanical entanglement using photon countings. Our proposal is based on the measurement of single and twofold coincidence counts. It requires basic phase stabilizations and is robust to loss, see Appendix E. This makes us confident that it can be used in present day experiments with photonic crystal nanobeam resonators to show opto-mechanical entanglement. Following the proposal of Ref. [7] , it also applies straightforwardly to electro-mechanical systems where it could be used to demonstrate electro-mechanical entanglement with non-gaussian resources. efficiencies
The proposed entanglement witness relies on measurements that are realized with non-photon resolving detectors preceded by displacement operations in phase space. As explained in the main text, we assign the outcome +1 to a no-detection and −1 to a conclusive detection. Given a state ρ in the mode corresponding to the bosonic operators A 1 and A † 1 , the probability to get the outcome +1 using a displacement with argument α is given by
So far, we assumed that the detector has unit efficiency.
To model the detector inefficiency, a beamsplitter with transmission η = cos 2 θ can be introduced, that is
with U A1c = e θ(A † 1 c−A1c † ) , the auxiliary mode described by c and c † being initially empty. The state |0 corresponds to the projection onto the vacuum for both A 1 and c. Commuting the beamsplitter and displacement operation leads to
This means that we can model the detection inefficiency as loss operating on the state that is measured if the amplitude of the displacement operation is changed accordingly. Hence, we consider detectors with unit efficiencies to derive our entanglement witness, and only replace the displacement amplitudes α → √ ηα, β → √ ηβ at the end to account for the non-unit detection efficiency.
Appendix B -Maximum value of the witness observable for separable states
Our aim is to bound the value of the witness observable
when applied on separable states. We first use the fact that the trace is cyclic. Hence, the phase averaging can be applied on the state, that is
where the last equality holds by linearity of the trace. Next, we recognise that the expectation value can be obtained from the partial transposed quantities if ρ is separable, that is, for
where T indicates the transpose in the photon number basis. This can be shown in the following way
The previous expression can be further simplified using the properties of the transpose, that is
where
has a simple structure due to the phase randomization. It can be written as
in the basis {|00 , |01 , |10 , |11 , |02 , |20 ...}. The checkmarks indicate non-zero terms. The upper block on the left corresponds to the projection in the qubit subspace where modes A 1 and A 2 are filled with at most one photon each. Similarly, the lower block on the right corresponds to the projection on a subspace where at least one mode is filled with at least two photons. The antidiagonal blocks correspond to coherences between these two subspaces. Considering the contributions from each of these blocks separately, we obtain
where ρ sep,T A 1 ,n A 1 ≤1∩n A 2 ≤1 rand corresponds to the projection in the qubit subspace and ρ sep,T A 1 ,n A 1 ≥2∪n A 2 ≥2 rand is the state projection in the subspace with two photons or more in at least one of the modes.
Eq. (12) allows us to bound the value of the witness observable in the case where the measured state is separable. The reasoning is the following: Let p(i, j) be the probability of having i photons in A 1 and j photons in A 2 which is a diagonal element of the measured state in the Fock basis. If this state is separable, we have p(i, j) = i, j|ρ sep |i, j = i, j|ρ 
This means that the value of the first term in Eq. (12) is bounded by
where in the last 2 lines, α and β can be considered as real numbers without loss of generality. Similarly, the coherences in the second and third terms are bounded by
As for the last term, we use the fact ρ sep,T A 1 rand is a physical state, so that its projection into the subspace where there is at least two photons in at least one mode is also a physical state with a norm given by Tr ρ
The maximum eigenvalue of the observable (σ α * ⊗ σ β ) being one, we conclude that
Hence, a bound on the maximum mean value S (α, β) that M (α, β) can take if the measured state is separable
can be obtained by upper bounding some joint probabilities p(i, j) for having i photons in mode A 1 and j photons in A 2 and the marginal probabilities p(n A1 ≥ 2) and p(n A2 ≥ 2) to have strictly more than one photon in mode A 1 and A 2 respectively.
These probabilities can be bounded experimentally in two steps. In the first step, the probabilities P (±1 ± 1|00) and P (∓1 ∓ 1|00) of having outcomes ±1 for the measurement of mode A 1 and A 2 without displacement (α = β = 0) are determined. They provide the following upper bounds
Second, a measurement similar to an autocorrelation measurement using two detectors after a 50/50 beamsplitter is used to measure the probability to get a twofold coincidence P c (A 1/2 ) after the beamsplitter for both mode A 1 and A 2 . These coincidence probabilities provide the upper bounds on the missing elements, that is,
Once the detection efficiency is included, one gets the following upper bound
In practice, the separable bound is obtained by inserting directly the measured probabilities P (±1 ± 1|0, 0), P (∓1 ± 1|0, 0), P c (A 1 ) and P c (A 2 ) into the previous expression. Note that there is no need to know the amplitude of the displacement and the detector efficiency separately as only the knowledge of the product √ ηα is needed. This is convenient as α 2 η can be directly obtained from the click rate on the detector.
Finally, the mean value Q(α, β) of M (α, β) is measured. If there is a value for the couple α, β such that Q(α, β) − S (α, β) > 0, we deduce that the assumption on separability does not hold, that is, the photonic modes A 1 and A 2 are entangled. Since the state describing A 2 is obtained from a local operation on the phononic state, Q(α, β) − S (α, β) > 0 also certifies entanglement between the photon mode A 1 and the phonon mechanical mode.
Appendix C -Estimation of the experimental value of the witness observable
We here estimate the mean value of M (α, β) that can be obtained in practice, that is, we estimate the value of Q(α, β) using a realistic model of the proposed experiment. We consider the case where the mechanical oscillator is not exactly prepared in its ground state at the beginning of the experiment but has a main thermal excitation n 0 . The corresponding state can be written as a mixture of coherent states |γ , that is
We then consider that the blue-detuned excitation is on during a time interval T 1 such that the probability that at least one photon-phonon pair is created is given by p = 1 − e −2g+T1 . The red-detuned excitation is then switched on during a time interval T 2 such that the phonon-photon conversion efficiency is given by T = 1 − e −2ḡ−T2 . The detection efficiency is η for both mode A 1 and A 2 . Following the procedure presented in Ref. [6] , we find P (+1 + 1|α, β)
, (17)
These expressions allows us to deduce the expected mean value for the witness observable Q(α, β) using
This observed value Q(α, β) must then be compared to the maximum value S (α, β) for all separable states to assess the presence of entanglement. To estimate S (α, β), we still need to estimate the probabilities of coincidence counts after a 50/50 beamsplitter on each mode. For example, sending mode A 1 into a 50-50 beamsplitter yields two output modes a 1 and a 1 with photon number probabilities
which then allows us to obtain the probabilities for coincidence counts on mode A 1 ,
.
Similarly for mode A 2 , the probability for coincidence counts is given by
These probabilities allow us to estimate the value of S (α, β) from Eq. (15) and thus to deduce Q(α, β) − S (α, β). The result is shown in Fig. 2 of the Main Text as a function of the conversion efficiency T for various detection efficiency in the case where the mechanical system is initially in its ground state n 0 = 0. Fig. 3 shows Q(α, β) − S (α, β) for various values of initial thermal excitations in the resonator n 0 .
It is important to mention that the same values for Q − S are obtained in the case where η corresponds to the efficiency with which the photons are generated and transmitted until the displacement operation and are subsequently detected with unit efficiency detectors, although with different displacement amplitudes. This is clear mathematically since the same statistics are obtained with loss operating before or after the displacement operations provided that the displacement amplitude is changed accordingly, c.f. section A. The results presented in Fig. 2 of the main text can thus be seen as the expected value of the observable witness with respect to the separable bound for various overall detection efficiencies, including all the loss from the generation to the detection of photons. 
Appendix D -Statistical Analysis
What we have calculated so far for expected values of Q − S are asymptotic values. These values are derived from probabilities computed using the Born rule, and are guaranteed to be the observed quantities only in the situation where the number of experimental runs tends to infinity.
The number of runs available, however, are limited in practice. This would lead to a scenario where, due to statistical fluctuations, an experiment that reveals Q − S > 0 in the asymptotic case might not reveal this entanglement with limited runs. To overcome this, we require sufficient runs for an estimator Q(α, β) − S (α, β), so that its variance will be low as compared to its asymptotic value Q(α, β)−S (α, β). This guarantees that a significant violation is likely to be experimentally observed. Once such a violation is observed, a similar calculation could be made to guarantee that the observed statistics are not compatible with an entangled state, i.e. bounding the possible p-value.
We now present how we form an appropriate estimator for our witness. As an initial example, an event with probability P (m) can be estimated with N runs, using a sample estimator P (m)
This is a consistent estimator, as the expectation value of the sample gives the quantity to be estimated
The variance of the sample estimator with N runs can be found to scale with 1 N , since noting that x 2 i = x i , we have
and we compute
allowing us to assess the variance of P (m) as a function of the probability P (m) and the number of runs. If the variance of the sample estimator is small using N runs, one can be confident that in those N runs the sample estimator gives a value close to its expectation value. Let us now move on to more complicated combinations of estimators, starting with linear combinations. The variance of linear combinations of probabilities of different events can be easily computed if the runs are uncorrelated. For example, if we estimate P (m) from a sample of N 1 runs, and P (n) from a sample of separate N 2 runs, then
by the well known variance addition formula for uncorrelated data.
Other examples include the product of two probabilities, such as P (m)P (n). One could use a natural choice for the estimator, where probabilities P (m)(P (n)) are assessed with N A (N B ) runs over separate data, such that
where y i is assigned to indicate runs showing 'n', similar to the case for P (m). One can easily see that our estimator is consistent, giving E P (m)P (n) = P (m)P (n). One can also get the variance of this chosen estimator as an explicit function of P (m), P (n), N A and N B . Considering now the quantites in S , however, we have terms involving the square root of products of two probabilities. Choosing a natural choice for the estimator as we did before does not give us the analytical functions for the variance we would like, since if for P (m)P (n) we use the estimator
then we obtain
leading only to the trivial bound Var P (m)P (n) ≥ 0. We thus do not consider such estimators directly in our variance assessment for nonlinear terms.
We instead consider a linearisation on the nonlinear quantities in S (α, β) by finding the tangent surface at a point. We recall that for a 2-dimensional function f (x, y), the tangent surface at the point (x 0 , y 0 ) is given by
where the partial derivatives of f (x, y) to x(y) are f x(y) (x, y) respectively.
With this, we can find the tangent surface to each of the square root terms and obtain linear combinations of probabilities.
For example, for z = P (+1 + 1|0, 0) P (−1 − 1|0, 0) at the point (A, B), we have z = P (+1 + 1|0, 0) P (−1 − 1|0, 0) In this case it is important to note that the resulting linear combination of probabilities forms an upper bound due to the concavity of the square root function, overestimating z in a conservative manner. We stress that any surface z linear with nonzero A and B is a valid upper bound on z. Since we overestimate quantities that are in S (α, β), this does not lead to a false conclusion of entanglement. To assess the value of z linear , we can now use individual estimators P (+1 + 1|0, 0) and P (−1 − 1|0, 0) that converge to P (+1 + 1|0, 0) and P (−1 − 1|0, 0) respectively, so that z linear = 1 2 B A P (+1 + 1|0, 0) + A B P (−1 − 1|0, 0) , and whose variance we can easily compute assuming separate runs in the estimation for each term.
At this point, A and B can independently take any nonzero value from 0 to 1, and still give valid linearised upper bounds. To select more optimal values for A and B in such a linearised estimator, one can perform an initial calibration experiment. Given these values, one can then form a valid, but close to optimal z linear . We first point out with an infinite number of runs for the calibration, an accurate calibration is possible, yielding A = P (+1 + 1|0, 0) cal → P (+1 + 1|0, 0) and B = P (−1 − 1|0, 0) cal → P (−1 − 1|0, 0). Furthermore, consistent estimators asymptotically converge to the quantum values, giving P (+1 + 1|0, 0) → P (+1 + 1|0, 0) and P (−1 − 1|0, 0) → P (−1 − 1|0, 0). Therefore in the case where P (+1 + 1|0, 0) and P (−1 − 1|0, 0) are nonzero, the asymptotic z linear = z.
We thus create an estimator Q(α, β) − S linear (α, β) in this best case scenario, made up of a linear combination of individual estimators so that we can easily assess its variance Q(α, β) − S (α, β) ≤ Q(α, β) − S linear (α, β) =P (+1 + 1|α, β) + P (+1 − 1|α, β) +P (−1 + 1|α, β) + P (−1 − 1|α, β) − 0|σ √ ηα |0 0|σ √ ηβ |0 P (+1 + 1|0, 0) − 0|σ √ ηα |0 1|σ √ ηβ |1 P (+1 − 1|0, 0) − 1|σ √ ηα |1 0|σ √ ηβ |0 P (−1 + 1|0, 0) − 1|σ √ ηα |1 1|σ √ ηβ |1 P (−1 − 1|0, 0) −| 0|σ √ ηα |1 1|σ √ ηβ |0 | ×min k 1 P (+1 + 1|0, 0) + k . With a budget of N total runs, we can now minimise the variance of Q(α, β) − S linear (α, β) over possible distributions of N total runs across each estimator term within. For our purposes, we will consider a number of runs N total sufficient for revealing entanglement if the variance for an accurately calibrated Q(α, β) − S linear (α, β) is such that Var Q(α, β) − S linear (α, β)
In the case discussed in the Main Text, where one has η = 10%, n 0 = 0.2 and a state-swap efficiency of T = 30% we find that N total = 750000 runs are sufficient.
